This paper proposes an improved variable-length beam element based on absolute nodal coordinate formulation and arbitrary Lagrangian-Eulerian description to build dynamic model of a one-dimensional medium with mass transportation and a non-ignorable torsion effect. The rotational angle of the presented element is interpolated using the same Hermite polynomials as the position vector such that the change rate of the rotational angles of the two nodes are also introduced into generalized coordinates of the element, which ensures the continuity of the nodal torque. Numerical examples demonstrate that the proposed element can precisely describe the dynamic behaviour of a one-dimensional medium. Furthermore, its ability to describe the torsion effect is significantly enhanced compared to earlier element in the literature. In engineering applications, the proposed element can be used in the dynamic analysis of drill stems in the drilling process, slender workpieces of cylinder shafts in turning processes and leading screws in ball screw mechanisms.
Introduction
In the late 1990s, Shabana proposed a novel modelling method of flexible multi-body system dynamics referred to as the absolute nodal coordinate formulation (ANCF) 1 based on the finite element method and continuum mechanics. 2, 3 In contrast to conventional methods, such as the large rotation vector formulation and the floating frame of reference formulation, which use both global and local reference frames, the ANCF uses only global reference frames. The position vector and its gradients defined in the global frame are selected as generalized coordinates of each node such that no restriction is imposed on the amount of rotation within the finite element to describe motions of flexible multi-body systems more precisely. 4 The ANCF has received considerable attention since it was first proposed and has undergone considerable development in the past 20 years. Various types of ANCF-based finite elements have been developed by researchers, and this method has been widely applied to the dynamic analysis of flexible multi-body systems, including structures of beams, 4, 5 plates, 6-8 shells 9 and threedimensional solids. 10 In the field of ANCF-based beam elements, Shabana 1, 4 first developed a beam element with a plane strain assumption. Subsequently, Omar et al. 11 developed a two-dimensional shear-deformable beam element. After two-dimensional beam elements, Shabana et al. 12, 13 developed a three-dimensional fully parameterized beam element. This element relaxes the rigid section assumption of classical beam theory and describes deformation in the cross section by using two position gradients, and thus, it is more general than the Timoshenko beam model. Unfortunately, this element exhibits the disadvantage of a large slenderness ratio due to the locking problem in dynamic analyses of beam structures. Based on the Euler-Bernoulli beam assumption, Dombrowski developed a beam element of which the position vector of one point on the axis is interpolated using three order polynomials, while the rotational angle of the cross section is interpolated using linear polynomials. The number of degrees of freedom of this element is reduced from 24 to 14 compared to the three-dimensional fully parameterized beam element. Although the introduction of Tait-Brian angles causes the mass matrix to no longer remain constant and causes a singularity problem, this element still exhibits advantages in describing slender beams with non-ignorable torsion effects. Gerstmayr and Shabana 15 developed a three-dimensional cable element that abandons the rotational angles of Dombrowski's beam element and exhibits advantages in the dynamic problems of three-dimensional slender beams, in which the torsion effect can be neglected.
Lu 16 developed a cable element of variable length based on the ANCF by changing the original length of the boundary elements to study dynamic problems of time-varying cable networks. Although this method does not strictly satisfy the energy conservation law, it can still be used as a good approximation in engineering. Based on Gerstmayr's cable element, Tang developed a new variable-length tether element that combines the Lagrangian description with the Eulerian description. 17 When used to resolve dynamic problems of multi-body systems containing time-varying cables, the method of length-varying or mass transportation conditions of the boundary elements must be defined in advance; thus, this element is more suitable for problems with simple transportation boundaries. Hong et al. 18 ,19 generalized Tang's cable element and developed a variable-length beam element (VLBE) of one-dimensional medium by combining arbitrary Lagrangian-Eulerian (ALE) description with the ANCF. The material coordinates of the two nodes used to describe mass transportation are introduced into the system dynamic equations as generalized coordinates, and therefore, this element can be used as an accurate and effective numerical modelling method for problems of complex transportation boundaries. Du et al. 20 developed a simpler variablelength cable element that employs the position vectors of two nodes as generalized coordinates and uses linear shape functions. This element maintains the configuration of a straight line, and thus, it is applicable to the dynamic modelling of a cable that sustains only tension.
Existing studies of variable-length beams have typically focused on the structural dynamics of axially moving cantilever beams. [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] The general mathematical description of such structural dynamics is a boundary value problem that is a combination of governing partial differential equation of beam transverse displacement and associated boundary conditions. Accurate analytical solutions of this problem are nearly impossible to obtain, and thus, the approximate analytical solutions of the modal analysis approach are most commonly used. The transverse displacement is expressed in the form of a series, where every term of the series is expressed as the product of a spatial modal function and a temporal function. Determining the modal functions according to the boundary conditions is the key step of the modal analysis approach. Unfortunately, accurate analytical solutions of modal functions are also difficult to obtain, and only approximate solutions can be obtained by tedious numerical methods with highly complex expressions. [21] [22] [23] 25, 31 The situation is in contrast to fixed-length beam problems, for which the temporal functions can be solved in a similar manner as single-DOF linear system vibration problems, namely, via differential equations of the temporal functions of variable-length beams after the separation of variables containing time-dependent coefficients, 22, [26] [27] [28] which are generally solved using the multiple-scale method 22, 27 or direct numerical integration method, 26, 28 and the processes are thus cumbersome. As a method of flexible multi-body system dynamics, the ANCF is compatible with the structural dynamic method, which means that when a large overall motion of bodies does not exist, the ANCF can be used to solve the structural dynamic problems degraded from the flexible multi-body system dynamic problems. Therefore, Hong's VLBE 18, 19 also provides a convenient and reliable finite element approach for solving variable-length beam problems in the field of structural dynamics.
All of the above tether/cable/beam elements of variable length neglect torsion effects and have limitations when applied to certain engineering problems, such as the dynamic modelling and simulation of drill stems in the drilling process. Zhao et al. 32 developed a variablelength element with torsion based on the integration of Dombrowski's beam element and the ALE description to resolve dynamic problems of beam structures of variable length and where the torsion effect could not be neglected. Because the rotational angle of the cross section is interpolated using linear polynomials, the change rate of the rotational angle inside the element remains invariable, and the continuity of the change rate of the rotational angle on the common node between two elements cannot be guaranteed. Thus, a large number of elements are required to obtain a sufficiently accurate dynamic analysis of slender beam structures with significant torsion effects. This paper presents a novel element based on the ANCF and ALE description. Similar to Zhao's variable-length element with torsion, the position vector of any point on the axis of the proposed element is interpolated using three order polynomials. A key difference is that the rotational angle of a cross section of the presented element is also interpolated using the same three order polynomials such that derivatives of the rotational angle with respect to the material coordinate of two nodes are introduced into the generalized coordinates of the element. With the use of this rotational angle interpolation, the continuity of change rate of the rotational angle on the common node between two elements can be guaranteed, and the torque on the common node is also continuous correspondingly.
In the following, the novel element is termed an improved variable-length beam-shaft element (IVLBSE) considering the introduction of both bending and torsion effects, and its improvement compared to Zhao's variable-length element with torsion. This proposed element can be used in multiple types of dynamic problems of flexible multi-body systems, such as the dynamic analysis of drill stems in the drilling process, [33] [34] [35] slender workpieces of cylinder shafts in the turning process 36, 37 and slender rods in linear motion elements. 38, 39 This paper introduces variables to describe the element motion, the generalized coordinates of the element and corresponding shape functions firstly, then the axial strain, bending curvature and change rate of the rotational angle of the cross section, which describe the deformation of the element. A mathematical description of the dynamical model of a one-dimensional medium can be obtained according to the general equations of dynamics. Finally, the proposed element is validated by four typical dynamic problems concerning an axially moving string, a flexible pendulum with a contracting boundary, a torsion shaft with one end fixed while the other end is free, and a rotating shaft subjected to an axially moving and rotating load.
Motion and deformation description of the element
The Euler-Bernoulli beam assumption and circular cross section assumption are first made for a one-dimensional medium before establishing an IVLBSE. The above two assumptions are consistent with each other, as the cross sections of a non-circular medium would distort when the medium is subjected to torsion, which would contradict the EulerBernoulli beam assumption.
Motion of the element can be realized through translation of an arbitrary point on the element axis and rotation of the corresponding cross section. Translation of one point on the element axis can be described by its position vector r, whereas rotation of the cross section can be described by the third angle of the Tait-Brian angles, 14 which can be expressed as ; representing the rotational angle of the cross section around the element axis.
Hence, the motion of the element should be described by four variables, which can be expressed as a generalized position vector of an arbitrary point on the element axis Figure 1 shows a schematic of the IVLBSE. p is the material coordinate of an arbitrary point, which is the arc length along the unstrained onedimensional medium from the reference point. The control volume of the element can be expressed as
, where p 1 and p 2 are material coordinates of two nodes. In the framework of the ALE description, both p 1 and p 2 are time-dependent functions, which means that the element can slide and stretch arbitrarily on the medium. In particular, when p 1 and p 2 remain invariable, there is no mass transportation at the element boundaries, and the IVLBSE would degenerate to a beam-shaft element of a fixed length in the framework of the conventional Lagrangian description.
r is a position vector of an arbitrary point on the element axis, is the rotational angle of the corresponding cross section around the element axis, r 0 ¼ @r=@p is the slope vector of the point, which is the derivative of the position vector with respect to the material coordinate, and 0 ¼ @=@p is the change rate of the rotational angle, which is the derivative of the rotational angle with respect to the material coordinate. r 1 , 1 , r The material coordinate p can be normalized into the local coordinate s, which satisfies
The local coordinates of the first and second nodes are À1 and 1, respectively.
The length of the unstrained element is
The position vector and rotational angle are both interpolated using three order polynomials to ensure the continuity of the position vector, rotational angle and their derivatives with respect to the material coordinate on the nodes, which means that the interpolation type is a Hermite interpolation. The position vector and rotational angle can then be written as
where the shape functions N i , i ¼ 1, 2, 3, 4, are defined as
It is worth mentioning that above interpolation of the finite rotation works only in the special case of this element of which only rotation about the element axis is involved and the rotation is commutative or additive. On the other hand, in the general case of 3D analysis, the rotations are not commutative or additive and cannot be interpolated.
Equations (4) and (5) can be expressed uniformly as
which can be simplified to
The first and second derivatives of the generalized position vector with respect to time, which represent the generalized velocity and acceleration vectors of an arbitrary point on the element axis, can be written as
where
is the shape function matrix of element
is the generalized coordinates of the element, and
is the additional term of the generalized acceleration caused by the mass transportation at the element boundaries. This term would disappear if there were no mass transportation, as p 1 and p 2 would remain constant. An IVLBSE is part of the one-dimensional medium, and therefore, the deformation description of the medium also applies to the element. All nine of the components of the strain tensor do not need to be calculated to describe the deformation of the onedimensional medium. In this paper, in addition to the axial strain and the bending curvature of the medium, the change rate of the rotational angle of the cross section is also considered.
The axial strain, bending curvature and change rate of the rotational angle of the one-dimensional medium can be written as
where r 00 ¼ @ 2 r=@p 2 is the second-order slope vector of an arbitrary point on the medium axis, which is the second derivative of the position vector with respect to the material coordinate.
Dynamic equations of a one-dimensional medium with mass transportation
To obtain the mathematical description of the dynamic model of the one-dimensional medium, the virtual work of the inertia force and active forces of an IVLBSE must be given first. Active forces can be classified into viscoelastic forces and external forces, including the distributed external load, concentrated force and concentrated torque, etc. Thus, the total virtual work of an element can be obtained as
where M ele is the mass matrix of an element; with the assumption of a uniform material density, M ele can be written as
where , A and I are the material density, area and polar moment of inertia of the cross section, respectively. Q ele is the generalized force matrix of the element and can be written as
where Q p is the additional generalized inertia force matrix of the element caused by mass transportation; with the assumption of a uniform material density, Q p can be written as
Compared to the previous ANCF-based elements, a block diagonal matrix appears in the integrand of either M ele and Q p , which is caused by the inclusion of both the translation effect of a material point on the element axis and the rotation effect of the cross section when calculating the virtual work of the inertia force.
Q s is the generalized viscoelastic force matrix of an element that arises from tension and bending of the element axis as well as from torsion of the cross section, and it can thus be written as
The three terms on the right side can be expressed as
where E, G, J and c are the material elastic modulus, material shear modulus, moment of inertia of the element cross section and viscous damping coefficient, respectively.
Q f , Q F and Q T are the generalized external force matrices of an element caused by the distributed external load, concentrated force and concentrated torque, respectively, and can be written as
where S t and S r are sub-matrices that represent the first three lines and fourth line of the shape function matrix S, respectively.
To resolve dynamic problems of a one-dimensional medium with mass transportation, the medium is divided into several presented elements. Suppose that the medium consists of N elements. In this case, N þ 1 nodes are considered. The generalized coordinates of the entire medium can be expressed as
The components of q are typically not completely independent, and the constraint equations can be expressed uniformly as
According to the general equations of dynamics, the dynamic equations of a one-dimensional medium can be obtained by introducing Lagrange multipliers j as
where M and Q are the mass matrix and generalized force matrix of the medium, which are derived from M ele and Q ele of each element, respectively, using the element connectivity, C q , which is the constraint Jacobian matrix.
Numerical examples and discussion
Four examples are considered to validate the proposed element based on the expressions derived in the previous sections. The first two examples are used to prove that this element applies to dynamic problems of a one-dimensional medium with mass transportation in cases where the torsion could be neglected. The third example is used to demonstrate the ability of this element to resolve purely torsional dynamic problems. Finally, integrated validation of this element was conducted in the fourth example. The last two examples involve only rotation of shaft cross section about the central axis.
Free transverse vibration analysis of an axially moving string
When a beam travels continuously along the direction of its axis, as shown in Figure 2 , its transverse vibration characteristics are significantly affected by the axial global motion. The studied object of this example is the beam section between two supports, which keeps flowing continuously and it can thus be viewed as functions of field coordinate x and time t that the deflection, velocity and acceleration of the beam cross section in the framework of the Eulerian description. [40] [41] [42] Suppose that the cross section of the beam is uniform and circular. The length of the beam section between supports is l, the material density is , the cross-sectional area is S and the deflection of the beam is w x, t ð Þ. The beam travels at a constant velocity v 0 along the X direction under tension F. When neglecting the flexural stiffness, the axially moving beam would degenerate to an axially moving string, and its dynamic equation can be written as
The first-order natural frequency of the free transverse vibration of the string can be written as
is the axial propagation velocity of the transverse vibration.
In cases where the observed object is in a certain fixed region in space, the ALE description would degenerate into the Eulerian description. Therefore, the free transverse vibration characteristics of an axially moving string would be studied by using the proposed IVLBSE. As a reference, this problem could also be studied by using Hong's VLBE, 18, 19 which is also established in the framework of the ALE description.
The geometric, material and kinematic parameters of the axially moving string are shown in Table 1 .
The string section between two supports is divided into four elements of equal length. Dynamic equations would be established by using IVLBSE and VLBE.
The string begins vibrating freely due to the initial transverse velocity of three intermediary nodes. Figure 3 shows the transverse displacements of the material point in the middle of the supports obtained by using two different elements.
The transverse displacement-time curves nearly coincide with each other. The theoretical value of the first-order natural frequency of the transverse vibration of the string is 46.92 Hz according to equation (32), whereas the numerical solution obtained using the proposed element is 46.97 Hz and the numerical solution obtained using Hong's element is 46.97 Hz. Their relative errors are both approximately 0.1%.
The above results demonstrate that in the dynamic analysis of a one-dimensional medium subjected only to tension, the IVLBSE can precisely describe the dynamic behaviour of the medium. section of the beam is circular, its radius is r, the material density is and the elastic modulus is E. The geometric, material and kinematic parameters of the flexible pendulum are provided in Table 2 .
The movements of the pendulum are analysed below by using the ANCF. The pendulum is divided into N elements of equal length, as shown in Figure 4 . Dynamic equations are established by using the proposed IVLBSE and Hong's VLBE, 18, 19 which consider both tension and bending effects. Figure 5 shows the configurations of the pendulum at 11 instants from 0 to 5 s obtained using two different elements when N ¼ 4 and the elastic modulus E is 70 GPa. The corresponding positions of the pendulum tip along the X and Z directions over time are compared in Figure 6 .
The configurations of the pendulum and the positions of the pendulum tip along the X and Z directions are compared in Figures 7 and 8 when the elastic modulus E is reduced to 7 GPa.
The configurations and tip positions of the pendulum obtained using the IVLBSE are in good agreement with the results obtained using the VLBE. The above analysis demonstrates that in the dynamic analysis of a one-dimensional medium subjected to both tension and bending, the IVLBSE can precisely describe the dynamic behaviour of the medium.
The above two numerical examples illustrate that the IVLBSE possesses the ability to resolve dynamic problems of a one-dimensional medium with mass transportation in cases where the torsion effect is negligible. The IVLBSE can degenerate to a VLBE under the condition where all four of the coordinates relating to the torsion effect 1 , 
Free torsional vibration analysis of a cylindrical shaft
The free torsional vibration model of a cylindrical shaft is shown in Figure 9 . Suppose that the length of cylindrical shaft is l, the material density is and the shear modulus is G. The X axis is set along the central axis of shaft, and the rotational angle of the cross section with a coordinate of x can be written as ðx, tÞ.
The mathematical description of the torsional vibration model of a shaft with the form of a onedimensional wave equation can be written as
where c ¼ ffiffiffiffiffiffiffiffi ffi G= p is the axial propagation velocity of the torsional vibration.
The natural frequencies of the free torsional vibration of the shaft corresponding to the boundary condition of the fixed end at x ¼ 0 and the free end at x ¼ l can be written as
The free torsional vibration of the shaft were analysed below based on the ANCF, and the shaft was divided into different numbers (from 1 to 10) of elements of equal length using Zhao's variable-length element with torsion 32 and the proposed IVLBSE. The geometric and material parameters of the shaft are shown in Table 3 . Table 4 provides a comparison of the numerical solutions obtained using variable-length element with torsion and the analytical solution of the firstorder torsional natural frequency of the shaft. Table 5 provides a comparison of the numerical solutions obtained using the IVLBSE and the analytical solution of the first five orders of the torsional natural frequencies of the shaft.
The above quantitative comparisons illustrate that the numerical result of the first-order frequency obtained using only one IVLBSE is highly similar to the analytical solution; the absolute error is only 0.5 Hz, the relative error is approximately 0.06%, and the precision is superior to that of the numerical result obtained using eight variable-length elements with torsion. Thus, the ability of the IVLBSE to describe the torsion effect is significantly enhanced compared to variable-length element with torsion due to the introduction of the derivative of the rotational angle with respect to the material coordinate into the nodal coordinates by using Hermite interpolation.
The numerical result of first five orders of frequencies obtained using the four IVLBSEs are highly similar to the analytical solution, where the absolute error of the fourth-order frequency is 13.3 Hz, the corresponding relative error is 0.24%, the absolute error of the fifth-order frequency is 44.3 Hz, and the corresponding relative error is 0.62%. The numerical result of the first five orders of frequencies further approaches the analytical solution when the element number is increased to five, where the absolute error of the fifth-order frequency is 14.3 Hz and corresponding relative error is 0.20%.
This example demonstrates that in the dynamic analysis of a one-dimensional medium subjected only to torsion, the IVLBSE can precisely describe the dynamic behaviour of the medium.
Dynamic response of a rotating shaft subjected to an axially moving and rotating load A simply supported cylindrical shaft is rotating at a constant angular velocity around its axis and is subjected to a load of a constant magnitude, which remains perpendicular to the shaft axis. The load travels with a constant velocity along the shaft axis and rotates at a constant angular velocity around the shaft axis, as shown in Figure 10 (a). 38 Suppose that the length of the shaft is l, the radius of the cross section is r, the elastic modulus is E, the material density is and the angular velocity of the shaft is . An inertial frame of reference is established with the original point located on one end of the shaft and the X 3 axis along the shaft central axis; the other two axes, X 1 and X 2 , form a right-handed system together with the X 3 axis. The load P coincides with the X 1 axis initially; its axial velocity is v, and its angular velocity is p. The bending of the shaft can be described by the deflections of its central axis along the X 1 and X 2 directions, which can be expressed as U 1 and U 2 , respectively, as shown in Figure 10 (b). The deflections U 1 and U 2 and their derivatives respect to time are all zero initially.
Using complex notation, the dynamic equation of the rotating shaft 38, 44 can be written as
where the load and deflection terms are
To further validate the proposed IVLBSE, the deflections of the rotating shaft were analysed using the ANCF and compared with the analytical solutions below. The shaft is divided into four elements, and the third node is set on the load acting point. Each shaft section of both sides of the load is divided into two elements of equal length, and thus, the length Figure 10 . A rotating shaft subjected to an axially moving and rotating load (a) and its bending description (b). of every element varies when the load travels along the shaft. The analytical solutions of equation (35) are given by Katz. 38 To study the nature of the transient response of the shaft intuitively, deflections along the two directions are normalized with respect to U S into non-dimensional parameters U 1 =U S and U 2 =U S , where U S is the static deflection at the midspan of a simply supported beam of the same dimensions subjected to a static load of the same magnitude as P at the midspan. Two additional non-dimensional parameters, and k p , which represent the load velocity ratio and the number of rotations that the load completes while traversing along the shaft length, respectively, are also introduced to describe the axial velocity v and angular velocity p of the load. 38, 44 The geometric, material and kinematic parameters of the cylindrical shaft are provided in Table 6 .
In the following sections, the normalized deflections of the shaft obtained using both the ANCF and the analytical method under the conditions of two different sets of simulation parameters (, k p ) were compared quantitatively.
1. ¼ 0:5, k p ¼ 1:0 Figure 11 shows the configurations of the shaft and its projections on the X 1 X 3 and X 2 X 3 planes obtained using two methods at four instants when the load travels to the positions of 1/4, 2/4, 3/4 and 4/4 shaft lengths away from the original point. Figure 12 compares the ANCF and analytical solutions of the normalized deflections of the load acting point and the midspan on the shaft.
When the load travels to the position of approximately 90% of a shaft length away from the original point, the ANCF solution of the normalized deflection of the load acting point in the X 1 direction reaches a maximum absolute error of approximately 0.0083, whereas the absolute error of the ANCF normalized deflection of the load acting point in the X 2 direction reaches its maximum at a position of 78% and is approximately À0.0044. When the load travels to the position of approximately 96% of a shaft length away from the original point, the ANCF solution of the normalized deflection of the midspan in the X 1 direction reaches its maximum absolute error of 0.0183, while the ANCF normalized deflection at the midspan in the X 2 direction reaches its maximum absolute error at the position of 82% and is approximately À0.0071.
2. ¼ 1:2, k p ¼ 0:5 Figure 13 shows the configurations of the shaft and its projections on the X 1 X 3 and X 2 X 3 planes obtained using two methods at four instants when the load travels to the positions of 1/4, 2/4, 3/4 and 4/4 shaft lengths away from the original point. When the load travels to a position of approximately 73% of a shaft length away from the original point, the absolute error of the ANCF solution of normalized deflection of the load acting point in the X 1 direction reaches its maximum of approximately À0.0135, whereas the absolute error of the ANCF normalized deflection of the load acting point in the X 2 direction reaches its maximum at a position of 79% and is approximately 0.0030. When the load travels to a position of approximately 94% of the shaft length away from the original point, the ANCF solution of the normalized deflection of the midspan in the X 1 direction reaches its maximum absolute error of approximately À0.0178, while the absolute error of the ANCF normalized deflection of the midspan in the X 2 direction reaches its maximum at the position of 90% and is approximately 0.0059.
The above comparisons indicate the good agreement between the ANCF solutions and analytical solutions in the problem of the dynamic response of a rotating shaft subjected to an axially moving and rotating load, which further validates the IVLBSE.
This example demonstrates that in the dynamic analysis of a one-dimensional medium with mass transportation, the proposed IVLBSE can precisely describe the dynamic behaviour of the medium.
Conclusions
This paper proposes an IVLBSE by combining the ANCF and ALE description.
For previous analogous element in the literature, the position vector of any point on the element axis is interpolated using three order polynomials, and the rotational angle of the cross section is interpolated using only linear polynomials, which results in the disadvantage of a large number of elements being required to obtain sufficiently accurate results for the dynamic analysis of slender beam structures with significant torsion effects. To solve this problem, the rotational angle of the proposed element in this paper is interpolated using the same three order polynomials used in the interpolation of the position vector.
Several typical numerical examples, including free transverse vibration analysis of an axially moving string, free falling of a flexible pendulum with a contracting boundary, free torsional vibration analysis of a cylindrical shaft with one end fixed and the other end free, and the dynamic response analysis of a rotating shaft subjected to an axially moving and rotating load, demonstrate that the IVLBSE can precisely describe the dynamic behaviour of a one-dimensional medium with mass transportation and a non-ignorable torsion effect.
The free torsional vibration analysis results of a cylindrical shaft demonstrate that the ability of the IVLBSE to describe torsion effects is significantly superior to that of previous analogous variablelength element with torsion. Thus, the number of elements required in the same problem would be remarkably reduced and the solving efficiency would be dramatically improved.
The establishment of the IVLBSE in this paper enriches the element library of absolute nodal coordinate formulation and ensures that this modelling method can be used in more types of dynamic applications of flexible multi-body systems. 
